It is considered that the effective interaction between any two quarks of a baryon can be approximately described by a simple harmonic potential. The problem is firstly solved in Cartesian coordinates in order to find the energy levels irrespective of their angular momenta. Then, the problem is also solved in polar cylindrical coordinates in order to take into account the angular momenta of the levels. Comparing the two solutions, a correspondence is made between the angular momenta and parities for almost all experimentally determined levels. The agreement with the experimental data is quite impressive and, in general, the discrepancy between calculated and experimental values is below 5%. A couple of levels of ∆, N , Σ ± , and Ω present discrepacies between 6
I. Introduction
There are several important works that deal with the calculation of the energy levels of baryons. One of the most important ones is the pioneering work of Gasiorowicz and Rosner [1] which has calculation of baryon energy levels and magnetic moments of baryons using approximate wavefunctions. Another important work is that of Isgur and Karl [2] which strongly suggests that non-relativistic quantum mechanics can be used in the calculation of baryon spectra. Other very important attempts towards the understanding of baryon spectra are the works of Capstick and Isgur [3] , Bhaduri et al. [4] Murthy et al. [5] , Murthy et al. [6] and Stassat et al. [7] . Still another important work that attempts to describe baryon spectra is the recent work of Hosaka, Toki and Takayama [8] that makes use of a non-central harmonic potential (called by the authors the deformed oscillator ) and is able to describe many levels. This present work describes many more levels and is more consistent in the characterization of angular momenta and parities of levels. It is an updated version of the pre-print of Ref. [9] .
II. The approximation for the effective potential
The effective potential between any two quarks of a baryon is not known and thus a couple of different potentials can be found in the literature. Of course, the effective potential is the result of the attractive and repulsive forces of QCD and is completely justified because, as it is well known that the strong force becomes repulsive for very short distances, and thus repulsion and attraction can form a potential well that can be approximated with a harmonic potential about the equilibrium point. Taking into consideration the work of Isgur and Karl [2] about the use of non-relativistic quantum mechanics, and considering that the three quarks of a baryon are always on a plane, we consider that the system can be approximately described by three non-central and non-relativistic linear harmonic potentials. This is a calculation quite different from those found in the literature and explains almost all energy levels of baryons.
III. Calculation in Cartesian coordinates and comparison with experimental data
The initial calculation, in which we have used Cartesian coordinates, does not, of course, consider the angular momentum of the system, that is, it does not take into account the symmetries of the system. This calculation is important for the identification of the energy levels given by the experimental data, and for the assignment of the angular momenta later on. Also, it allows the prediction of many energy levels. Since each oscillator has two degrees of freedom, the energy of the system of 3 quarks is given by [10] E n,m,k =hν 1 (n + 1) + hν 2 (m + 1)
where n, m, k = 0, 1, 2, 3, 4, . . . Of course, we identify hν 1 , hν 2 , hν 3 with the ground states of the corresponding energy levels of baryons, and thus hν 1 , hν 2 , hν 3 are equal to the masses of constituent quarks. Since we do not take isospin into account, we cannot distinguish between N and ∆ states, or between Σ and Λ states. The experimental values for the baryon levels were taken from Particle Data Group (Nakamura et al. [11] ). The masses of constituent quarks are taken as m u = m d = 0.31 GeV, m s = 0.5 GeV, m c = 1.7 GeV, m b = 5 GeV, and m t = 174 GeV. We have, thus, the following formulas (see Table 1 ) for the energy levels of all known baryons up to now:
Baryons Formulas for the energy levels (in GeV) N , ∆ − , ∆ Table 1 : Formulas for most energy levels of all baryons.
In Tables 1 to 11 , E C is the calculated value by the above formulas, E M is the measured value and the error is given by Error = 100%
Within the scope of our simple calculation, many levels are degenerate, of course. Further calculations, taking into account spin-orbit and spin-spin effects, should lift part of the degeneracy. We notice that these effects are quite complex. States such as 1.70(N )D 13 and 1.70(∆)D 33 clearly show that isospin does not play an important role in the splitting of the levels. In general, the Error is below 5%.
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We can predict the energy levels of many heavy baryons, probably already found by the LHC or to be found in the near future. There are, for example, the baryon levels (in GeV):
• scc, E n,m,k = 0.5(n + 1) + 1.7(m + k + 2);
• ccc, E n,m,k = 1.7(n + m + k + 3);
• ccb, E n,m,k = 1.7(n + m + 2) + 5(k + 1);
• cbb, E n,m,k = 1.7(n + 1) + 5(m + k + 2);
• etc.
IV. Calculation in polar cylindrical coordinates and comparison with experimental data
In order to take into account angular momentum and parity, we have to use spherical or polar coordinates. Since the 3 quarks of a baryon are always in a plane, we can use polar coordinates and choose the Z axis perpendicular to this plane. Now the eigenfunctions are eigenfunctions of the orbital angular momentum. Thus, we have three oscillators in a plane and we consider them to be independent. Using again the non-relativistic approximation, the radial Schrödinger equation for the stationary states of each oscillator is given by [12, 13] 
where m z is the quantum number associated with L z , µ is the reduced mass of the oscillator, and ω is the oscillator frequency. Therefore, we have three independent oscillators with orbital angular momenta
and each L i has a quantum number l i associated with it. The eigenvalues of the energy levels are given by [12, 13] 
in which r i = 0, 1, 2, . . . and it is a radial quantum number, and |m zi | = 0, 1, . . . , l i . Comparing equation (3) with equation (1), we have n = 2r 1 +|m z1 |; m = 2r 2 +|m z2 |; k = 2r 3 +|m z3 |. Let us recall that if we have three angular momenta L 1 , L 2 and L 3 associated to the quantum numbers l 1 , l 2 and l 3 , the total orbital angular momentum L is described by the quantum number L given by
where
Because the three quarks are on a plane, only r i and m zi are good quantum numbers, that is, l i are not good quantum numbers and their possible values are found indirectly by means of m zi due to the condition l i ≥ m zi . This means that the upper values of l i cannot be found from the model, and as a consequence, the upper value of L cannot be found either. We only determine the values of L comparing the experimental results of the energies of the baryon states with the energy values calculated by E nmk . This is a limitation of the model. The other models have many limitations too. For example, in the Deformed Oscillator Model some quantum numbers are not good either and are only approximate and there is not a direct relation between N and L where N is the total quantum number. In a certain way, a baryon is a tri-atomic molecule of three quarks and thus some features of molecules may show up and that is indeed the case.
Taking into account spin, we form the total angular momentum J = L + S whose quantum numbers are J = L ± s where s = 1/2, 3/2. As we will see, we will be able to describe almost all baryon levels.
As in the case of the rotational spectra of triatomic molecules [14] , due to the couplings of the different angular momenta, it is expected that there should exist a minimum value of J = K for the total angular momentum and, thus, J should have the possible values J = K, K + 1, K + 2, K + 3, . . .. But in the case of baryons, this feature does not always appear to happen.
i. Baryons N and Λ We will classify the levels according to Table 1 and take
The first state of N is the state (n = m = k = 0) with energy 0.93 GeV. Therefore, in this case l 1 = l 2 = l 3 = 0 and thus L = 0. This is the positive parity state P 11
This is the first state of Λ. As n + m + k = 1, we have 2r 1 +|m z1 |+2r 2 +|m z2 |+2r 3 +|m z3 | = 1, and thus |m z1 | + |m z2 | + |m z3 | = 1, and l 1 + l 2 + l 3 ≥ 1, and we can choose the sets |m z1 | = 1, In this case n = m = k = 2 = 2r 1 + |m z1 | + 2r 2 + |m z2 |+2r 3 +|m z3 |. This means that |m z1 |+|m z2 |+ |m z3 | = 2, 0 and we have the sets of possible values of l 1 , l 2 , l 3
in which the second row presents the values of L that satisfy the condition l 1 + l 2 + l 3 ≥ 2, 0. As 2 is a lower bound, we can also have L = 3. There are, therefore, the following possible states Since n = m = k = 3 = 2r 1 + |m z1 | + 2r 2 + |m z2 | + 2r 3 + |m z3 |, |m z1 | + |m z2 | + |m z3 | = 3, 1, and thus We have n = m = k = 6 = 2r 1 + |m z1 | + 2r 2 + |m z2 | + 2r 3 + |m z3 | and so |m z1 | + |m z2 | + |m z3 | = 6, 4, 2, 0 and thus We will classify the levels according to Table 2 . In this case n + m = 2 = 2r 1 + |m z1 | + 2r 2 + |m z2 | and k = 2r 3 + |m z3 | = 0, and thus we obtain |m z1 | + |m z2 | = 2, 0 and |m z3 | = 0. Thus, we have the conditions l 1 + l 2 ≥ 2, 0 and l 3 ≥ 0. We can then choose We have n + m = 1 = 2r 1 + |m z1 | + 2r 2 + |m z2 | and k = 2r 3 + |m z3 | = 1, from which we obtain |m z1 | + |m z2 | = 1 and |m z3 | = 1. Hence, we have the condition l 1 + l 2 ≥ 1 and l 3 ≥ 1. We can then have the sets l 1 = 1, l 2 = 0, l 3 = 1; l 1 = 0, l 2 = 1, l 3 = 1. Both yield L ≥ 2, 1, 0 and thus we identify the states L Σ Λ Parity 0 1.88P 11 ? + 1 1.94D 13 ? − 2 1.84P 13 1.89P 03 + 1.915F 15 + f. Level (n + m = 3, k = 0; 2.05 GeV)
With n + m = 3 = 2r 1 + |m z1 | + 2r 2 + |m z2 | and k = 2r 3 + |m z3 | = 0 we obtain |m z1 | + |m z2 | = 3, 1 and |m z3 | = 0, and thus the conditions l 1 +l 2 ≥ 3, 1 and l 3 ≥ 0 which yield L ≥ 4, 3, 2, 1, 0, and the possible identification taking into account that maybe In this case n = 0 = 2r 1 + |m z1 |, m = 0 = 2r 2 + |m z2 | and k = 2 = 2r 3 + |m z3 | and thus |m z1 | = |m z2 | = 0 and |m z3 | = 2, 0. Hence, we have the condition l 1 ≥ 0, l 2 ≥ 0 and l 3 ≥ 2, 0. We can then choose the sets l 1 = l 2 = l 3 = 0; 
V. Discussion and conclusion
One can immediately ask about the spin degrees of freedom of the three quarks since the spin-spin interaction makes a contribution to the mass. We can say that we took care of part of it because the formulas of the energy levels depend on the three parameters hν 1 , hν 2 and hν 3 which are assigned according to the masses of the constituent quarks which have already taken into account the spinspin interaction because the masses of constituent quarks are in perfect agreement with the ground state levels of baryons. Of course, the spin-spin interaction contribution depends on the energy level as is well known from the bottomonium spectrum, for example. But, as it is seen in the spectrum of bottomonium, the spin-spin contribution diminishes as the energy of the level increases. In bottomonium, the difference between the energies of η b (1S) and Υ(1S) is about 69.4 MeV, while between η b (2S) and Υ(2S) it is about 36.3 MeV, and between η b (3S) and Υ(3S) it is about 25.2 MeV, where we have used, for the energies of η b (2S) and η b (3S), the predicted values from reference [15] , 9987.0 MeV and 10330 MeV, respectively. In the case of baryons, the spin-spin interaction varies from 15 MeV to 30 MeV for levels of N, Σ, Ξ and Λ [16] . Therefore, we observe that the spin-spin interaction is of the order of magnitude of the splitting beween neighboring levels. For example, the measured energy of the D 13 level of N is 1.52 MeV, while our calculated value is 1.55 MeV, and thus the difference is 0.03 GeV= 30 MeV which is of the order of the spin-spin interaction. And that is why there are large discrepancies in the calculation of the lowest levels of Ω because in this case all quark spins are parallel and thus, the total spin-spin contribution is larger than in other baryons in which two spins are up and the other spin is down. For the lowest state of Ω, the discrepancy is about 1.672 GeV − 1.5 GeV = 0.172 GeV = 172 MeV. This is actually the worse calculation. But we either consider the mass of constituent quarks or we try to find tentative values for the masses of quarks like is done in QCD models which use a quite different range of arbitrary quark masses. The use of the constituent quark mass is completely justifiable in our case because we do not attempt to calculate at all the splitting between neighboring baryon levels. Such calculation can be made in the future upon improving the present model.
We only addressed the angular momenta of N, ∆, Σ and Λ due to a lack of experimental data for the other baryons. Of course, the state n = m = l = 0 is missing for the ∆ particle because this corresponds to the ground state of the nucleon.
We notice that the simple model above describes almost all energy levels of baryons. The splitting for a certain L is quite complex. Sometimes, there is almost no dependence on spin, such as, for example, the states of Σ with L = 2, 2.08P 13 and 2.07F 15 . On the other hand, the states of Σ with the same L = 2, 1.84P 13 and 1.915F 15 , present a strong spin-orbit dependence. It can just be a matter of obtaining more accurate experimental results.
It is important to observe that part of the splitting is primarily caused by the spin-orbit interaction and is very complex because, in some cases, it appears to be the normal spin-orbit and, in other cases, it appears to be the inverted (negative) spin-orbit. In the simple model above, the oscillators were considered approximately independent but there may exist some coupling among them and this can contribute to the splitting of levels. As we have discussed in the first paragraph, part of the splitting should be attributed to the spinspin interaction which was not taken into account in a detailed way. Of course, part of it was considered inside the values of the three parameters hν 1 , hν 2 and hν 3 which are taken as the masses of the three constituent quarks of a given baryon. It is important to observe that the discrepancy between calculated and measured values diminishes as the energy increases. This fact shows that the splitting is mainly caused by the spin-spin interaction.
Another important conclusion is that with the simple model above we cannot calculate the values of K, and from the above results we note that it is a quite difficult task because there appears to exist no pattern with respect to this. As in the case of triatomic molecules, the values of K are found from the experimental data.
As we notice, in the above tables the increase in the energy of levels allows the existence of higher values of L (and J). This is an old fact and is so because equation (3) has a linear dependence on |l zi |.
For experimentalists, the classifications above are very important and can help them in the prediction of energies and angular momenta of levels. An old version of this work that appeared in Ref. [9] predicted the energies of all levels which have lately been reported, and this is a very important fact. For example, for Ξ c it predicted the levels (on page 8 of [9] ) with energies 2.82, 3.01 and 3.13, and since 2002 the following corresponding levels of Ξ c have been found: 2.815, (2.93; 2.98; 3.055); (3.08; 3.123).
As it is well known, the first order correction term of anharmonicity in an oscillator for each degree of freedom is of the form
where A is a constant and p is a non-negative integer (p = 0, 1, 2, 3, . . .). Therefore, the calculated energies of levels with high quantum numbers would be away from the experimental values. This is not observed above and, thus, the anharmonicity should be quite low. For example, for n+m+k = 7 of N we obtain that the experimental and calculated values are the same (3.10 GeV). In the case of Σ, we have the same kind of behavior because for (n+m = 5, k = 1) we also have the same calculated and experimental value for Σ (3.17 GeV). The assignments of the angular momenta for some few levels are only reasonable attempts. It is the case, for example, of the level 2.0F 15 of N which can belong to either the (n + m + k = 3) or to the (n + m + k = 4) levels. We chose the former because 2.0 is closer to 1.86 than to 2.17. For the level 1.99F 17 we chose the (n + m + k = 4) level because it appears that the highest value of J for the level (n + m + k = 3) is 5. It is a strange feature that the level (n + m + k = 5) only contains ∆ s . Having in mind what has been justified above, we chose the 2.35D 35 level of ∆ belonging to (n+m+k = 5) as 2.35 is closer to 2.48 than to 2.17. The level 2.60I 1, 11 of N was assigned as belonging to (n + m + k = 6) because its energy is between 2.55 GeV and 2.75 GeV. The level 1.74D 13 of Σ was chosen as belonging to (n + m = 2, k = 0) because (0, 0, 1) already has a D 13 level for Σ(1.58). We made similar considerations in the choice of the levels 1.83(Λ)D 05 , 1.84(Σ)P 13 and 1.94(Σ)D 13 . These ambiguities will be settled either with data with smaller widths or with a more improved model. Some levels are not described by the simple approximation above. It is the case, for instance, of Ξ(1530)P 13 which is probably a composite of Ξ(0, 0, 0) ≡ Ξ(1.31) with a pion excitation (that is, it is a hadronic molecule). Its decay is actually Ξ(1.31)π. In the same way, the state Σ c (2455) appears to be a composite state of Λ + c (2285) and a pion excitation. The same appears to hold for the other known states of Λ c .
As a whole, the model describes quite well the baryonic spectra but it is far from describing the detailed splitting which appears to be quite complex and may depend on the spin-spin interaction. It does not provide a way of calculating the values of K. With the acquisition of more data from other baryons, we may be able to find more patterns and to improve the model. Due to the complexity of the problem, we will probably have to go back and forth several times in the improvements of the model as it has been done in the description of the molecular spectrum of molecules. But it is still the only model that describes almost all levels of baryons in a consistent way and is able to predict the energies of levels yet to be found experimentally.
